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Some useful references

» Finite dimensional inner-product spaces, normal operators: Axler
(1997, Ch. 6-7)

» Projection theorem on infinite-dimensional Hilbert spaces:
Luenberger (1968, Ch. 3)

» Unitary matrices: Horn and Johnson (1985, Ch. 2)
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gobooboooboobooo

» JO0O0DO00O0DbO0ObOO0ObOobOOobOoboobo
» JO0O0Db0O0O0DbObOO0ObOobOOobOobOobo
» JO0O0DO00O0DbObOObOobOOobOobOobo

00000000000000000(@O000000000d
000)0

gboooooooooooooooooooooooonog

gobodoboboooboobogoa2tuobbooboobbon
gooooo



REOODODODDOODOOOOOOO 1
00000000000000000000000000000

0000 proj(z;y) eR30 yOOOO 200000000000
00
I proj(z; y)[| = ||zl cos(Lzy)|

000000000000O0O0000 ||z|CoboOOO000OO
goboogoo




RIOODODOOO0OOOOOODOOO 2

gobo@oboo)yboobboobyboobbooboooboo
goboobooo

]| cos(£zy)
1yl
0000000000000 00000000000000

proj(z;y) ==

2000000 z,yeR3000000000000000O00O0
oooomm
z -y = [|lz|[[ly]| cos(Lzy).
r-y=y-20000000000000
zly < x-y=0
ZeyOUO <= xz-y>0
ZeyOUO <= z-y <O.



RPOODODOODOOOOOOODOO 3
0000000000000 (z+2)-y=(z-y)+(y-y)000
00000000000000000000

000000000000 e, es,e3 €R30000
z -y = (z1e1 + x2e2 + w3€3) - (y1€1 + Y22 + Y3€3)
= x1Y1 + T2y2 + T3Y3
0000000 o= |2 cos(Zwe)) D0y 00000000



obobboboboboooboodoood
0000000000000000000000
00000«-y00000000000000000000

O00z,yeRPOODOCOOODOOOOOOODOOOOOO
|| = \faF+ -+ a2

Ty =x1Y1+ -+ TplYn.
00000000000 u=ae+4#beCO00O0R?00000

ooooo
lull = Va2 + 82 = (ua)"/? = \/Jul.
000 u=(u,...,u,) €EC"O0000000O0O
lull = VT + - + Jun |

000 |jul?=wt +--+uu, 0 0000000000000
00000000000

U-V= UV + -+ UpUp.



goboobobooboobooog 2

0000000000000 00000 R*0CHYOOO000
ooooo

» 00000 u=u-v
» J000u-u=0 <= u=0
» D00 (@Oo0000)ou+ pu)-v=a(u-v)+ B -v)

gobooobobooobooobbooooobboobooonog
gooo

gbboobobooboobbooboobboobooboo

goooooooOo0ooooooooUooo (,yOoooooo
goooo



0O
OF=RorCOOO0OO0VODOODOOOOO

Defn. 000 w,v,w e V,acFOOUOOOODOOOOOO
(w):VxV —=-COVDOOOUO (inner product) J O 0O

IP1 (u,v) = (v,u)
IP2 (au,v) = alu,v)
IP3 (u+ w,v) = (u,v) + (w,v)

IP4 (u,u) >0,and (u,u) =0 <= u=0.

HoooOoooobobo0oboobOoboobOobbo0obyeVO
0000 (u,av) =a(u,v) 0 (0,v) =(v,0) =0000000

Defn. (V,(-,-)) 00000 (inner product space) 1 0 00000
gbobobobobobobobobobooOn (Hilbert
space) 1 0 00O



goood

(oooooooR*OO0CrO0O0OOOOOOOO (,Hy000
gbobobobobobob

*oooo P,)0000
1
prq) = /0 p(x)q(z) de
Jgoooogoooogooogogo

(0000000

gp = {(xl,xg,...) € R*>: Z |x,]p < OO}

i=1
gobooobbooobooobobooooooboobooooon

[e.e]
(z,y) =Dz
i=1

0¢6(O000000O00000O00DOOOO0OO
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goooo 1

Defn. 0000 VOO|ul:==+/{u,u)0 VOOOOO (norm) O
ooo

gbobobobobobobobob

() [0000=-00000]0000VO0000
[(u, v)| < lull[|v]l, Yu,veV.

0<{u—av,u—a)00000 «0O0O0O0O0O0O0OODOOOO
goo

*O000000000000000 |u40200000 ¢SO
0oooo0oo0O

[+ ol < flufl +lofl, Vu,veV.

gobooobooboooooobboooboooboboobooonbobo
gbobobob
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mHooobbooboooboboboobooboobooboan
goboobooo

lz +ylI? + llz = ylI* = 2l|=]|* + 2lly]*.

Defn. (u,v) =00000w«w0 vO00000O (orthogonal) 0 0 00O
v lo0O0O0O0O0OOWCVOUOUODOOOOOw L W iff
ulwVweW.

*OO000000000000000O0oo
ulo = Jlutol = ul”+]lo]>
Mulo,VoeVODOOOu=00

oDbhooboooboooboobobooobogoovog
(upn), (vp,) OODOO0O up »ublv, 000000000

(Un, ) — (u,v).
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LOoobooooooogd
LOoogooooooga

1
2
. tggouoobooagd
4. 00000oboooood
5. J0gouooonod

6. 0O OO0OO0O0oobonboO
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goboobgooogd

00000 proj(u;v) 00000000000000000
0000000000000000000000000000
O0000000 aw e [{v}]00000

u = av + w, where w 1 v.

00000000000 a=(uo)/|v|2000000000
0ooooo

gbobobobobobobobooooooooooo
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gobooood

goboobobooobooooo
uobbovoooouo XcviodibbOweViOoooo

+0000 |z—w|000000zZeX0000

gbobobobobobo
gooooobo boooobobo boooobooooo

gobooobooboooooobbooobooobboobooonbog
goboogoo

O00dimV <ococUODUODOODOODOODODODODODOO
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goobn

(*)Sayiss.t foral 000 x€c XOOOOOz€ X O
|Z — o <z —w| 000000000000 020000 X
gdoooodoouooooouooooooa

Mz0 ||z —w|| 000000 <= T—uy L X.

gobooobobooobooobboooooboboobooonbog
gobooooooooon

MMviooiboboooboobooX cvioboooooooooooo
oobbobdweVOooono

3T € X, |7 — uol < ||z — uoll,Vz € X.

0000oooooooooooooogogg (Classical
Projection Theorem) 0 O OO OO

15



ooooo 1
0000000000000V OO0O00000o

Defn. DO OO U CVOUODOO
t={veV uluv}
oboudboogon (orthogonal complement) U O 0 0O

®{o}t=vovi={0}0O0O00DDO0O0U+tcvOoooooo
oooood

dmV =c0cO0OO00O00O0O0O0OOOODOOOO

» UcUHt

» UCW = Wtcut

> ULLL Ul
U“:[U]
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goooo 2
0000000000000000000000

*O0O0D000D0VOOOODO0O XcvoDooooooooo
V=XoX 000Xt =X.
000000000000000000

0000000000000 D0DO00000O0OoOononoOg
reX,deXtOv=o+200000000

MdmV <ocoOOOODOOODOOOODOODOOODOOO

» VOOODOO = VOOOOOOODO((@OOOOODO
go)o

» J00000000000000000000000000
0oooooooo

» J0000000UCVOOOO Ut =u0

» 00 dimUt =dimV —dimU 0000000000
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0o0o0(@ooO)1

gobooobooooooobbooobooobboobooonbobo
gooobgo

Defn. X CVOUUODOODUOOODOweVOOOODODODOODOO
oon

u=z+1a, .CUEX,QZ/EXJ'

00000000 XUOO «0000 (orthogonal projection) [
proj(u; X) =2’ =uw—2000000

(000000000000 00000000000 00000
TeXO||lz—u|0000 < F—upe X+

O0000000000uw =(uw—2)+2z000 = proj(u; X) O
good
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0o00(@ooo)2

MO0zeVOyevVOOOODOOOOO proj(z;[{y}]))000
00000000000

z=ay+w, wly00000 proj(z;[{y}]) = (z,y)/lyl?

gobooobooooboobooo
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goboon

UcvioooOOoooOOdimV<ooOOOOODOO
Py(v) :==proj(v;U) 0000
Hooooboobooooo

» Ppe (V) OOOOODOODOOO

» range Py = U, null Py = U+.
>P5:PUDDDDDDDDD

» |Pu(v)|l < |lv|,VveV, 00000000

(00000000000 20000000000000000
O0000SeL(V)DO0OOO

S?=5000 |SW)| < |v|,YveV = S=P;, 000000
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goodA

oooobovooooo Scvoooo

Defn. 0000 w,v e SOOOOOOOOSOOOOO
(orthogonalset) 0000000 ue SO |u|=100000
0o0o00od (orthonormal) U0 0O 00O

goboobbooobooobboobooobboobooaobobg
gpooog

"ScviooooDooo@o)boooooo
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goon 2

gobooobooooooobbooobooobboobooonbobo
goboobooo

0000000 vy,,...0000000000000000
0000 eg,eq,...000000

{vi,...,on}] =[{e1,...,en}l,n>00000

0000000000000000000
er:=v/|v|| 0000000000

n—1
€n = Un — Z(Una €i>€z’
i=1

do0oooooooooO oooo=0000000000000
goo

mobooobooboobobooboobobooboaobo

22



goobn

goboobooobpobooboooboooog

oooovooOoOodmV=nO0000000000O0O
{e1,...,e,} 0000000000000 eVOIOOOODOOO
goog

v={(v,e1)er + -+ (v,en)en
ol = [{v, e} + - + [{v, en) .
godoooooooogooog

M@ ooOooooOowycooooooobooovooo
00000 TeLV)OOODODOOOODOOOODODOOODO BO
goood

M(T;B)0000O0 BOOOOODOO

gopbooboogoboobooboobooboo@oo)yboobooo
Gsbobooboooobooboboobooboonb
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googobooboon

First example: find the optimal approximation of sin(x) on [-pi,pi] by a
5th-degree polynomial.
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googobooboon

Second example: Find the closest element in the subspace generated
by m vectors to an arbitrary vector.
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googobooboon

Third example: Find the element of an affine set which has the
smallest norm (this is of course the distance from any element in that
affine set to the associated hyperplane through the origin).
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Fourth example: Minimum distance from an arbitrary element to a
convex set.
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goooo 1

gobooboooobooobbooboobbooboonbobo
gobogbobogodgooo

Defn. VO FOOOOOOOOOOOODOOOfeLV,F)ODODO
0 00O (linear functional) [ [J [0

*O00DDO000D000D00O0000000

» FOOR"O00000aef 00000 f(z):=>1, aiz;
000000000000 geRYF)ODDOOODODOOODO

> Po(R) OO f(z) = [ 2(t)cos(t) dtT]

» C[0,1]00 f(x):=2(0.5)0

» 0000000 HOOReHOODDODO f(x) = (z,h)00
ooooo

gobooboooboobooobooboon
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goooo 2
00000000

0000 (V,(,-)0dmV=n0000 f00000000
0000000000000 %eVOOOOODOO

f(u) = (u,v), YueV.

O00000ooooovooooooo {e,...,e,y 00000
000000000 «00000 fO0000O00O0O0O0O f(u)O
gobooboogonboo

0do0o0ddoDoooooopDoooboo0onoo=0000
(Riesz-Fréchet) 0 O O O O O O Luenberger (1968, Ch. 4) 0 O [
aoo
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gobooood

gobooboooboboobooboobooobogoooo

Defn. FOODOOOO U,V O dimU,dimV <co0000000
Tel(U,V)DveVOOOOOOOOO

f(u) = (Tu, v)
00000 fe£(U,F)000DDOOO0OODODOO 0000
Riesz-Fréchet 10 0000000 w* €U 00000000

f(u) = (u,u*), uwel.
TOODODODODODODoODOODODOODOODOOOOT*:V =U
googooon

T*(v):=000 u".

ooooro0TrTodb@jein)DO000D0OO0OOOOODOO
goood

000000000000(T(u),v) = (u,T*(v))0
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gooodgg
" T:R>—=R20O
T(xl,xg,xg) = (1132 + 3$3,2$1)

0000000000000000 T*(y) = (2y2,41,3y1) 00
000000 yeR20000 (Ta,y) = {(z,T*) 0000000
0000000000

" O00000000000000 TeLU,V)00ooo
T e £(v,U)000000

(ooooo (0000 T—T*00000000O0
T.7"e LU, V)0 acFOOOO

(T+ T = (T) + (1)

(aT)* = a(T)"
(T*)*=T.
WoOoooooooooT e LU, V),SeL(V,w)oooo
(ST)* =T*S*0000

vVvyYyYyywy
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goooobbooogd
MTeL(V)DaceFOODODODOOO

aco(T) < acao(T).
MU CVODOOOOO0ODOTeL(V)DOOOODOOO
UDT-00 < U0 7000

MHTeLV,w)ooooooooooo
» 700000 <= Tr00000
» 70000 <= 0T*00000

HoooooorTeLVv,w)ooono
dimnull 7" = dimnull 7 4+ dim W — dim V'
0000000000dimrangeT* = dimrange7 0000

Hoohooboobboobo0obbo0obO G .Strang 00
gbboobboobuodoboobb@wbobobobooboobo
goo okKu

32



googobooboon

0000 U,VOOOOTeL(U,V)DODOO0DO00000
oooo

» nullT* = (range T
» range T = (null T’
» null 7" = (range T*
» rangeT = (null 7%)+

Defn. 00 A =[a;;] € F™*" 00000 (conjugate transpose) U

A*= AT = g5 0000

)
)

€L

goboobboooooobboobooobboobooobobg
goboooogo

(00000000 U,VOTeLU,V)DOOOBy,By OO
D00U0vVOoOoOoOooOooooooooooo

(M(T; By, By))* = M(T"; By, By).
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1. 00 0o0booooood
2. 0guouoobooogog
. 0b0ugbugbobgn

4. 0000000000404
5

6

Lguooooooog
Lgbobooooooobd
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goboobooooboooboooon

» JOO0DO@DLhOobobobg)
» JO0O0DO@ohobobobg)
» JO0O0DbO0bOobobobooboob

goboobbooobooobbooboobboobooaobbg
goog

» JO0O0DbO0b0obobobo

goboobooooobooboonboobo
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goooon
voOooooooooooO0TeL(v)0ooo

Defn. OOO0DOOTOT=T*0000000T0000O0O
(self-adjoint) 10 O OO O0OOO (Hermitian) O O O O

"MO00000000000000000TeL(FH) 00000

wn=[? 3

00000700000 < =70
0000000000000 BOOOOOO
T =T* « M(T;B) = (M(T;B))*.

gobooobooobboobooboboooobogoaoo
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obobobbobboo
(MT,SeL(V)DODOO0OOOOT+S000000

T eL(V)DDOOOODOOOOOOOO aeROOODO 0O
opooo

"TeL(V)DOOUODOUOOOODODOODODODOOOOOOOD (O
FOCOOROODOO)O

ooO00oO00 Aef™OOO00000 TeLFHOODO
Ooo0oOo0ooooooDoDoODO ADOOOooooD A0OO
gooooo

obooboobooo
oobo000oob00obOo0o0oOobooCcOo0oOobboOOooR

00000000000 @O0O00000 ()*0000000 ()
000)d
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ogboboboboboboboboboboboboboobo
gbobobobobobobobobobobobobobo
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goooo
00000000000000000000

Defn. T ¢ £L(V)ODOUOOTOOOODOODOOOOOOOO
oooo0 TT*=1*T
UbobobobTo0d (normal)0 000

nHoooboboobooboo

)BOOOOOUOOOUOOOTOUOOOOOOODOOOM(T;B)
OMTB)ODODODODOODOOOOOOO

Hoooobooboooo

2 -3
YR HIN
00000007TeL(FH)00000000000000000

gobooboooboobooooon 38



goooobgo

gobooboooobooboooobooboooboboooo

MMboobboobooboobboooboooboboobooonbobo
gooobgo

TOOO < |[|TW)]| =T, veW
Hobooooooono TEﬁ(V)DDDDD
nullT = null T*.

() OO000000D0O0000O00oO0o0To0on0 aeo(T)
gobooooan

Tv=aovd OO THv = aw.

000000000000000w,...,0, 0 T € L(V)OD
0000000000000000 vy,...,v,00000

{v1,...,v,} 0000000

gobooobooboooooobbooobooobboobooonboo
ooo
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goboooboo@moboboon)

TeL(VOOOODdmV=nO00000O0OOOOOOOO
TOOOODODOOOOO <« 300 {v,...,u},yu0000000OO

gboboboborobobobobobooboooooon
{v1,...,v,} 00000000000 O0COOOOOOOOOOO
gbobobobobobobobobooboooo

goobgoboobomobooboobooboobooboon
gobogbooobooon

cono
gbobobobobobobobuobobobobo

ROO
booooboobooboboobooobboobooonboo

0000000000000
00000000000 0000000000000
(O0D00ODD0O000000O) 40



gooodgg
0000 VOdmV=n000Tc£(V)DDOOO

(000000000OF=CO000

TOOO < 30000 {v,...,v,}, 000000000
(y00D0O000O00O0F=RO0O0OO
TOOOOO < 30000 {v1,...,v,}, 000000000
00000000000000000000000000000
00000000000000000000000
DoOooooooood
00000000000000000000000000000

oooooo

oboroo0oooobooboooooooooooooonDo

41



goboobooo 1

Example. () C20000000000 T € £(C?) O
2 -3
wn=f; 3]
0000000000
B:{@Uf4ﬂq
V2 V2

00000000000000007000000000000
00000 M(T;B)0000000
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goboobood 2

Example. ()0 00000007 e£L(R})OODOODDOOO0O0

000
14 -13 8

M(T)=|-13 14 8

8 8 -7

gbobobobobobobobob BOODODOODO
goo

;o (1,—1,0) (1,1,1) (1,1,—2)
B‘{ N R }

43



ROOOODOOO

ROODODDODOOOOOOOOOOOOOOOODOOOOOOOO
gbooog

RO TeL(V)DDDODDODDOO0OO0Oe®<400000
a,beROOOOOOODOO

T +aT+bl € L(V)ODODODOO
(O0007T000000000000000000000000
— o(T) # 0.

goboobbooobooobboobooobboobooobbg
gobogobobooooboo

D00 ROOODOCOOOOODOOOOOOOOOOOOOOOO
O O Axler (1997, Ch.7) 0 0 0 O
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goboobboooboobobooboobobooboonooba
goboobbooobooobbooboobboobooaobbg
gobooboogonboo

MHF=ROOOTeLV)ODODDODOODOOO(F=COOOODO
goo)yoooooooooono og,...,e,, 0000 DODOODO

V=null(T—ai1l)® - &null(T — ap,1)
000 null(T — o 1) L null(T — o;1)0 0 @ # 5.

gbooobooboboorgobobooooobooovooooo
gooooo
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1. 00 0o0booooood
2. 0guouoobooogog
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4. 0000000000404
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goobn

1. 00 0o0booooood
2. 0guouoobooogog
. 0b0ugbugbobgn

4. 0000bobooobooon
5. 000000000

6. 0O OO0OO0O0oobonboO
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gobobobbobobboood
oooo
00000000000000000000000

goooo
goboooooboooon

™CoOOoOO0TeLV)DUOUDDODODDOOOO
(Twv,v) =0, VYveW
0o0o0o0o0T=0 00000000 ROOOOOODOOO)YT

(HOoooooooCcopooOgTeLV)ooooo
TOOODOOOOD <= (Tv,v)eR,veV.

0000000000000 00O0D000»00000T(w)ODO
oboboboboboboboboboobo

000000000 weVOOOO (Tv,wy>0000000 46



goooobon
O000VOdmV <coOO00O

Defn. 00000 TeL(V)OUOOODODODOOOODOOOTODO
(positive) 1 O O O

(Tw,v) >0, VveV.
oobOoocohoOoooOoooooooOoooOooDo

oooobooovUucvOoooooooooo proj(U)000O

Defn. T € £(V)OODOODOODOOO
S2=T

0000 SeL(V)0DODDODOODODOOSO TOOOO (square
root) 1 OO0

() T(21, 22, 23) == (23,0,0)0 000 T € L(F}) 000000

goo
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goboobotooogobuooon

M™MOooooOvVOTeLV)DUODOODDODODOODODOOODODOO

ATOODOOODOT=T*00 (Tv,v) > 00Vl
BT=7T000700000000000
CQ’=T000000QeL(V)DOOOODO
DR2=T000000000 ReL(V)DOODODDO
ES'S=T0000SeL(V)DoDoooo

MMTel(V)DOODODODQ?=T0000QeL(V)IODOO
00000000007 000000000000000
VT:=QUO0ODOO

gboboboboboboboboboobo
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goboobgooogd

Hoobooobooboooo

>

>

>

>

v

v

goboobooooboobooooboonbooo
goboobooobboooboooboooobooboon
gbobooooboobobobooobobobobonoon
gobodobooooboobooooboooboo

o000 SecvVyoboooosssoooooo
SOO000000000O0O0o0os?0000ooooao

T eL(V)DOOODODOOOOOODOO

TOODOOOO < (Tv,v)>0,Yv#0.
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oo
0000000000000000000000

Defn. OO0 O0OTeL(V)OODODOO (isometry) D0 0O
[To]| = [|vf|, Vv e V.

gboboboboboboboboboobobooboboo

» F=COO0OO0T7T00000 (unitary) DO 00O
» F=ROOOOTOOO (orthogonal) J 0 00

"pefFO |p|=1000000000T:=4I000000
oon

") {vi,...,v,} 0 VOOODOOOODOOT € £(V) O
T (vi) = Bivi
00000000 B =1,i=1,...,n. 000007000000

MV =R?’000000000000000000
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Ooooobbood
(WTeL(V)DOOODOODOOT'0O00OOO

M™MTeLV)DOOOODODOOODOOOOOOO

ATOOOOOOODOO

BuveVOOOO (Tu,Tv) = (u,v) (00O000)O

C1T"'Tr=1

DOODOOOOOOD {e,...,en, ;) 000000OOOO
{Tey,...,Tex,} 00000 (0<m<n)0

E {Tvy,...,Tv,} 0000000000000 {vy,...,v,} 0
00000

Fr~o0o00oOOoOOoOoooo

gobooboooobooobbooboobbooboonbobo
goboodgbod
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goobooboboooobn
000000000000000000

(yTO0000000007 '=7*000000
(TOO0D0000000 < 7000000000
(y00000000000000

*)0000000000000E:={e,...,en,}) 0 FO0O VDO
000000000000000

TOOOOOOOD < M(T;E)DOOOOOOOOO

ooobobdobu A = DUO0OUOD = 0O0OOQOOOOOO
E—= A0 <<= 00000000

A < FOOOM((T;E)DOOOOOOOODOOOOOODO
gooooo
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